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Abstract 

Noncompact forms of the Drinfeld-Jimbo quantum groups Uq in (o) with H* = Hi, 
Xf* = SiXf for Si = ±1 are studied at roots of unity. This covers g = so(n, 2p), su(n,p), 
so* (21), sp(n,p), sp(l,WL), and exceptional cases. Finite-dimensional unitary represen- 
tations are found for all these forms, for even roots of unity. Their classical symmetry 
induced by the Frobenius-map is determined, and the meaning of the extra quasi- 
classical generators appearing at even roots of unity is clarified. The unitary highest 
weight modules of the classical case are recovered in the limit q—*l. 
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1 Introduction 



Quantum groups allow to generalize the concept of symmetry, which has proved to be of 
great importance in physics. Up to this date, most of the work on quantum groups has been 
done for the compact case. However noncompact groups are important as well, for example 
the Lorentz group, or the Anti-de Sitter group SO (2, n) which has attracted much attention 
recently in the context of string theory |T] . 

We consider the Drinfeld-Jimbo quantized universal enveloping algebra Ug es (g) [@, [| f| 
corresponding to finite-dimensional semisimple Lie algebras. In the g-deformed case, there 
are several possibilities to define real, in particular noncompact forms of these algebras. 
If q is real, the representation theory is largely parallel to the classical case, but more 
complicated; for some results in this case see ||, In the present paper, we consider instead 
the case where q is a root of unity, which provides additional structure that does not exist 
in the classical case. This turns out to be much simpler, rather than more difficult than the 
undeformed case. We study unitary representations of (a slight extension of) the so-called 
"finite" quantum group U^ m (g) C U^ es (g) at roots of unity, with real structure of the form 
H* = Hi and Xf* = SiXf , where = ±1. This covers so(n,2p), su(n,p), so*(2l), sp(n,p), 
sp(l,M), as well as various forms for the exceptional groups. Even though this real form 
corresponds to a non-standard Hopf algebra *-structure, it is appropriate for our purpose, 
and leads to a large class of unitary representations. 

Generalizing the method of , we find unitary representations for all these noncompact 
forms, provided q is an even roots of unity. It is shown that all of them can be related to 
unitary representations of the compact form in a simple way. As opposed to the classical case, 
they are finite-dimensional, which means that the problem is a purely algebraic one. In many 
cases, they can be viewed as regularizations of classical, infinite-dimensional representations. 
In particular, we show how almost all classical unitary highest weight modules (with the 
possible exception of a certain "small" , discrete set of highest weights) can be obtained as 
the limit q — > 1 of unitary representations of U{. m . In the example of the Anti-de Sitter 
group 5*0(2,3), this was already studied for special cases in [R and more generally in 
0. Not all the representations found however have a classical limit in an obvious way; 
to understand this better is an interesting open problem. Moreover, it turns out that the 
unitary representations of U' q m C U^ es {g) are very different from the ones studied in ||10| , 
where a different specialization of U q (sl(2,M)) to roots of unity is considered, leading to an 
infinite-dimensional algebra. 

This paper is organized as follows. After reviewing the definitions and basic concepts in 
Section 2, the unitary representations of the compact case are studied in Section 3, and the 
particular features appearing at roots of unity are discussed. In Section 4, the remarkable 
classical symmetry U(g) arising from U^ es (g) at roots of unity due to the Frobenius map 
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TT|, O is discussed, including the case of even roots of unity which turns out to be most 



important. The extra generators arising at even roots of unity which extend the classical 
universal enveloping algebra find a natural interpretation here. 

In Section 5, the noncompact forms are defined, and unitary representations are found 
for all of them in a rather simple way. It turns out that only a subgroup of the classical 
U(q) preserves the noncompact form, which is determined in Section 6. Finally in Section 
7, the connection with the classical case is made, and it is shown how the classical unitary 
highest-weight representations are recovered in the limit q — > 1. 

In the appendix, an explicit, self-contained approach to the classical symmetry arising 
from the Frobenius map is given including the case of even roots of unity, which was treated 



only implicitly in 12 



2 Definitions and basic properties 

We first collect the basic definitions, in order to fix the notation. Let An = 2 pi^l be the 
Cartan matrix of a classical simple Lie algebra g of rank r, where (, ) is the inner product in 
root space and {cti, % = 1, ...,r} are the simple roots. The positive roots will be denoted by 
Q + , and p = \ J2 a eQ+ a * s ^ ne Weyl vector. 

For q e C, the quantized universal enveloping algebra U q (Q) is the Hopf algebra with 
generators {Yf 1 , Ki, K~ l \ i = 1, r} and relations f|, 0, [3|] 



[Yi + ,Yf] 

X—Aji 

E 

k=0 



0, 

q ±A *YpK h 



-i 



5{ K >~ K > 



A 



j i 



{Yt) k Yf{Y? 



where the di = (a^, CKj)/2 are relatively prime, qi = q d % [n] 



= 0, % ± j, 

rt — " 



-, and 



(2.1) 
(2.2) 

(2.3) 
(2.4) 



n 
m 



n 



(2.5) 



We assume that q dl ^ q d \ The comultiplication is defined by 
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A(Y+) = 1®Y+ + Y+®K U 

A(F-) = K^® Y r + Yr®l. (2.6) 

Antipode and counit exist as well, but will not be needed. The Borel subalgebras U^(q) are 
defined in the obvious way. 

In this paper, q will always be a complex number, rather than a formal variable. Moreover, 
since we are mainly interested in representations, it is more intuitive to use the generators 
{Xf,Hi} defined by 

Ki = q d * H \ Y+ = Xtq HA/2 , Yf = q- HAl2 X~ , (2.7) 

so that the relations take the more familiar form 

[H^Hj] = 0, (2.8) 
[H h Xf] = ±A ji Xf, (2.9) 



The comultiplication is now 



A(Hi) = Hi®l + l®Hi, 

A(Xf) = X?®q diHi/2 + q- diHt/2 ®X?. (2.11) 
The classical case is recovered for q = 1. Generators X^ corresponding to the other positive 



roots a can be defined using the braid group action |T3"|| ; we will quote some properties 
as they are needed. A Poincare-Birkhoff-Witt (P.B.W.) basis is then given as classically 
in terms of ordered monomials of the raising and lowering operators corresponding to all 
positive respectively negative roots. 

If q is allowed to be a root of unity, we will instead consider the "restricted specialization" 

Ug es {Q) (JT3J with generators Xf^ = \ for k e N as well as Hi. For generic q, i.e. q not 
a root of unity, this is the same as before. However if q is a root of unity, 

q = e 2wm/m (2.12) 

with m and n relatively prime, then [k] q becomes for certain k. Denote with M the smallest 
positive integer such that q 2M = 1, i.e. [M] q = 0. Thus M = m if m is odd, and M = m/2 
if m is even. In the first case q M = 1, and we will say that q is an "odd" root of unity. In 
the second case q M = — 1, and q will be called "even". More generally for g« = e 27rl * ri / m ; l e t 
Mi be the the smallest integer such that 

[M^ = 0. (2.13) 
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Then Mj divides M; similarly, we define M a and d a for the other roots. U^ es {Q) contains the 

additional generators Xf , which have a well-defined coproduct, and thus are defined on 
tensor products of representations. Verma modules can also be defined in the usual way, for 
integral highest weights [Q. We will only consider these types of representations of Ug es (g). 



In particular, (Xf) Mi = in U^ es {Q). Therefore U^ es {o) contains a remarkable sub-Hopf 
algebra u^ n (the "small quantum group") generated by Xf and K i 1 . We prefer to slightly 
change the standard convention and define U^ m by including the Hi as well, slightly abusing 
the name "finite" . This is a more intuitive generalization of the classical U(q) at least from 
a physical point of view, and poses no problem since q is a complex number here rather than 
a formal variable. 

The generators xf^ M ^ act as (graded) derivations on u^ n by x — > [Xf^ Mt \ x]±. The 
right-hand side is indeed an element of u^ m , as can be seen from the commutation relations 

Finally, we quote the following useful relation: 

W, [X-) k ] = (Xr) k - l [k] qi [Hi - k + (2.14) 



3 Representations of U^ m and weight space 

The Cartan generators can be evaluated on weights A, such that 

<^,A>=%^ = K V ,A), (3.1) 

where as usual a v = is the coroot of a. The fundamental weights Aj satisfy (A i; aj) = 
Si j, therefore 

<H i ,A j >=5 ij , (3.2) 

and span the lattice of integral weights. The Weyl group W is defined as usual, and D = 
{^2i r iA-i] r i ^ K>o} is the dominant Weyl chamber. 

It is well-known [[15] that for generic q, the representation theory is essentially the same 
as in the classical case. In particular, the finite-dimensional representations (=modules) 
of Uq es (o) are direct sums of irreducible representations L res (X), which are highest-weight 
representations with dominant integral highest weight A. Their character 

X (L res (\)) = e^dimL^A)^ =: X (A) (3.3) 

il>0 

is given by Weyls formula. Here L res (X) v is the weight space of L res (X) with weight A — rj. 
Irreducible highest weight representations of U^ m are denoted by L^ m (A). 



4 



3.1 Singlets, special points, and the dual algebra q 

One important feature at roots of unity is the existence of nontrivial one-dimensional rep- 
resentations U m {X z ) of U^ m , with weights 

X z = ^2ziMiA4 (3.4) 



for Z{ G Z; this follows from (|2.14 ). There also exist similar representations with Z{ ^ Z 



which will be considered in Section 5, but for now we concentrate on the case of integral 
weights. These weights X z will be called special points. They span a lattice which is the 
weight lattice of a dual Lie algebra g, rescaled by M. In particular, it contains the root 
lattice of 0, which is generated by the Mj«j or equivalently M a a. Indeed, consider a second 
metric on weight space defined by []T2| 



with associated matrix 



In particular, 



{ati,atj)d := (M^ai, MjCtj), (3.5) 



A, := 2 ; - 3 { = T^A i:j . 3.6 



= AijMj. (3.7) 

Aij is always a Cartan Matrix: it is clearly nondegenerate, and An = 2. To see that 
Aij G —No for i ^ j, observe that by the definition of Mj, Mjdj is the smallest integer which 
is divisible by both M and dj. Similarly A^djMj is divisible by M because Aji is an integer, 
and also by dj, since A^di = Aijdj. Therefore is an integer, equal to jfAij = A^. 

We shall determine A^ explicitely. In the simply laced case, all Mj are equal, therefore 
( , )d is proportional to the Killing metric, and A^ = A^. Thus the lattice of special points 
is nothing but the weight lattice rescaled by M, and = 0. 

For B n , C n and F4, there are roots with 2 different lengths d s = 1 and d\ = 2. Again, if 
M is not divisible by 2, i.e. if q is odd, then clearly Mj = M is odd for all i, and A^ = A^. 
On the other hand if q is even, then Mj = M/2 =: Mi if «j is long, and Mj = M =: M s if 
cti is short. Thus ^ = -j- and A^ = Aji, which means that M[Ct[ are the short roots and 



M s a s the long roots in the lattice of special points. Therefore the dual algebra of B n is C n 
and vice versa, while F4 remains F4 except that the roots change their role. 

For G2, the roots have lengths d s — 1 and di = 3. If M is not divisible by 3, then Mj = M 
for i = 1, 2, and again A^ = A^. On the other hand if M is divisible by 3, let ai := ot\ be 
the long simple root, and a s := a<i be the short one. Then Mi = Mi = M/3, M s = M 2 = M, 
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and Aij = A^. Thus the dual lattice is again of type G 2 , but now M s a s is the long root, 
and Midi the short one. 

To summarize, g = g, except for B n = C n and C n = B n if q is even. For all cases, the 
Weyl group of g is the same as that of g. In Section 4, we will see that in some sense, U'q es (o) 
contains indeed a classical algebra associated with the lattice of special points. 

The hyperplanes 

ff*:={A; (A,a v ) = M Q z}, (3.8) 

where a is any root and zeZ, divide weight space into simplices called alcoves. The alcove 
of dominant weights with the origin on its boundary is called the fundamental alcove. The 
reflections on these hyperplanes generate the affine Weyl group, which plays an important 
role in the representation theory at roots of unity. Notice that every special point is in some 
H* for every root a. To see this, we have to show that (Mi A*, a v ) G M a Z for every root a. 
Since the Weyl group preserves the lattice generated by MjAj, this follows from the fact that 
z iMih.i, o.j) G MjZ, for a suitable ctj. In fact, the special points are the intersection 
points of a maximal number of hyperplanes. 



3.2 Unitary representations of the compact form 

To define unitary representations, one first has to specify the real form of the algebra, or 
group in the classical case. 

A real form or * - structure is an antilinear involution (= anti-algebra map) on Ug es (o). 
In the classical case, the * is acting on the complexified Lie algebra, and the real Lie algebra 
is by definition its eigenspace with eigenvalue —1. The interpretation of a real form at q ^ 1 
is given by its classical limit. 

In this section, we only consider the compact form. It is defined by * = 6 where 0(Xf) = 
Xf, 6 {Hi) = Hi is the Cartan-Weyl involution, thus 

(X?y = X?, H* — Hi, (3.9) 

extended as an antilinear anti-algebra map. This is consistent for q real and \q\ = 1. 

A representation of Ug es (o) on a Hilbert space V is said to be unitary if the star is 
implemented as the adjoint on the Hilbert space, i.e. (v, x-w) = (x*-v, w) for any x G Ug £S (g) 
and v, w G V. In particular, ( , ) is positive definite. In the classical case, this means precisely 
that the adjoint (=star) of a group element is its inverse. Since all unitary representations are 
completely reducible, we only need to consider irreducible ones. Unitary and unitarizable 



will be used synonymously. On unitary highest weight modules with ( |3.9|) or (|5.1|) , the 
inner product can be calculated recursively, descending from the highest weight state. In 
particular, it is unique up to normalization. 
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Finite-dimensional unitary representations of noncompact forms with the correct classical 
limit are possible only at roots of unity. Therefore we will concentrate on that case from 
now on, in particular q* = q~ x . Even though ( |3.9| ) is then a "nonstandard" Hopf algebra 
*-structureQ, it is appropriate for our purpose. 

All finite-dimensional representations of Ug es (g) have integral weights, even at roots of 
unity. While this is not true for U^ m any more, we nevertheless start with studying the 
unitary representations of U^ m with integral weights. The following well-known fact |16|] is 
useful: 

Theorem 3.1 Assume that X is a dominant integral weight with (A + p,a v ) < M a for all 
positive roots a. Then the highest weight representation L res (X) has the same character \ as 
in the classical case, given by Weyl's character formula. 

In other words, A + p is in the fundamental alcove. This follows from the strong linkage 



principle, which was first shown in ||17|| ; for a more elementary approach, see 0]. Moreover, 
i/ m (A) = L res (X) for these weights A, since the xf^ 1 ^ act trivially. If the above bound 
is not satisfied, then the Verma module with highest weight A contains additional highest 
weight submodules besides the classical ones. 
Now we can show the following: 

Theorem 3.2 Let X be a dominant integral weight, and q = e 2mn ^ m . Then L^ m (X) is a 
unitary representation of the compact form ( \3. Q) of U^ m if the character of L^ m (X) is given 
by Weyl's formula for all q' = e 2mip ' with < f' < n/m. In particular, this holds if 
(A + p, a v ) < [t^t! + 1 f or a H P os tti> ve roots a, where \c\ denotes the largest integer < c for 

ceR. 

Proof Consider Z/ m (A) for all q' £ B := {e 2mif ] < ip < n/m}. If the character of 
Z/ m (A) is the same for all q G B, one can identify the L^ m (A) as vector spaces^]. Their inner 
product matrix is smooth (in fact analytic) in q', and positive definite at q' = 1 since we 
consider the compact case. This implies that all eigenvalues are positive on B: assume to the 
contrary that the matrix were not positive definite for some q' G B. Then it would have a 
zero eigenvalue for some go G B, which implies that its null space is a submodule of l/ m (A). 
But this is impossible, since the Z/ m (A) are irreducible by definition. For q' = e 27rm / m ; some 
eigenvalues may vanish; but then L^ m (A) is the quotient of lim 9 '^ 9 Z/ m (A) modulo its null 

q 'eB 

space, which again has a positive definite inner product. 



2 since (S(x))* = S(x*) here where S is the antipode, rather than (S(x))* = S^ 1 (x*) for x <E Uq es (g) 
or even better, view them as trivial vector bundle over B, with local trivializations given in terms of the 
P.B.W. basis 
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In particular, assume that (A + p, a v ) < [t^t! + ^- Let M' a be the smallest integer 
> 7tt~ — i which is Ttt 1 ^-] + 1. Then M' is associated to q' := e 2d <* M « G B as defined in 

2d a n' 1 2na a 1 a 3 

Section 2. Therefore by Theorem 3.1 , U in (X) at g' has the same character as for g = 1, since 



(X + p,a v ) < + 1 = M' a . For all other roots of unity q" G B, the character is again 

the same since the associated M£ is larger than M' a . Thus the above argument applies. □ 



For some highest weights A on the boundary of the domain specified in Theorem |3.2| , the 
character of the unitary representation L* in {X) is smaller than the classical one. The reason 
is that the generic representations develop null-submodules; this can be interpreted in the 
context of gauge theories, see @. 

One may ask if all the unitary representations have been found in Theorem 3.2. As will 
be discussed in Section 7, it is possible that there exist certain unitary representations with 



integral weights which do not even satisfy the first condition in Theorem |3.2|, as suggested by 



the classcial noncompact case. This would have to be studied by different methods. Other 
unitary representations with integral and nonintegral weights will be obtained in Theorem 
IOI, which however do not have a classical limit. 



4 Frobenius map and the quasi— classical symmetry q 



The modules L res (X) = U m (X) in Theorem |3.2| are irreducible representations of U' q %n . For 
larger A, L res (X) decomposes into a direct sum of irreducible modules of £7/ in , which will be 
described now. This involves the special points introduced in Section 3.1. 

The basic observation is the following. Consider a highest-weight module U~ res (o) ■ v\ z 
with highest weight X z = ^j i z. l Miki and z\ E Z. From ( |2.14j ), it follows that all ■ v\ z 
are highest weight vectors. Therefore X~ ■ v\ z = in L res (X z ), because it is irreducible by 
definition. Using the P.B.W. basis, one can see that any element of U~ res (o) can be written 

as a sum of terms of the form {X^ M0l) ) kl ...{X^ 0H) ) klf U~ fin . It follows that all weights 
of L res (X z ) have the form X z > = X z — Y^i n i^i a i with G N. In other words, L res (A 2 ) is a 
direct sum of one-dimensional representations L^ m (X z r) of U^ m , since X z > is a special point. 

However the "large" generators xf^' 1 ^ do act nontrivially, as we will see. 

Consider L res (X z ) (g> L res (A ) for X z as above and integral A with < (A ,a 4 v ) < Mj. 
Now the generators Y i (|2.6| ) are useful. Using the coproduct, one finds 



Yf-(v®w) =v®{Y±-w), (4.1) 

and 

Y { Mm) -(v(g)w) = (Y± {Mi) ■ v) ®(Kf h ■ w) (4.2) 
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for v G L res (X z ) and w G L res (Ao), because Y^ 1 ^ ■ w = by the bound on Ao- For the same 
reason, L res (Ao) is an irreducible representation of U^ m . Together with ( |4.1|) and ( |4.2|) , it 
follows that L res (A 2 ) ®L res (\ ) is an irreducible highest weight module of [/I es (g), and we 
have verified fllf 

Theorem 4.1 Let X z and Xq be integral weights as above with < (Ao, a^) < Mi, and 
A = Ao + A 2 . Then 

L res (X) = L res (X ) <g> L res (X z ). (4.3) 



In particular, L res (A) decomposes into a direct sum of irreducible representations L^ m (A — 
^UiMiai) of V f q in . Moreover, and Q) show that Y± commutes with Y^ {Mi) Kf h on 
L res (X). 

We will now see that the latter generators acting on L res (X z ) provide a representation 
of the classical universal enveloping algebra U(q) corresponding to the Cartan matrix Aij. 
This is the essence of a remarkable result of Lusztig (JTTJ, [T2j . For odd roots of unity, it states 
that there is a surjective algebra homomorphism 

U r q es (&) - U(a), 

Y? - 

Ki -> 1 

Y*™ - (4.4) 

This is the so-called Frobenius map (recall that = for odd roots of unity). It is generalized 
to even roots of unity in | I2| ; unfortunately the results given there are not very explicit. Since 



this case is of central importance to us, we will give an elementary, self-contained approach, 
and show explicitely how the action of U(q) on L res (A 2 ) is given in terms of the Xj Mj \ The 
complications arise because at even roots of unity, Ki cannot be set to 1, while Kf must be, 

since fK + ,K~l = — K l\ . Indeed, 

L 1 1 1 Qi-1i 

< Ki, ^ z i K i M i >= € Mx = ±1- (4-5) 

j 

These extra, "quasiclassical" generators Ki in some cases anticommute with Xj , and 
will extend the algebra U(g). They will play an important role in the noncompact case. 
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Let cii G {0, 1} such that aj + a 3 = 1 if A i3 ^ and % ^ j; this is always possible. Define 



Ki = Kf \ and 

Xf = X+ iMi) K°\ 

Hi = [X?,Xr] (4.6) 

Then we can show the following: 

Theorem 4.2 For all special points X z , L res (X z ) is an irreducible highest-weight repre- 
sentation of the classical U(g), with generators Xf and H. If v z > G L res (A 2 ) has weight 
z'jMjAj, then Hi ■ v z > = z\v z <. Moreover, 

XfK 3 = s l3 K 3 Xf (4.7) 

where s i3 = qf %Md n = q M i M i( a ^ a j) = ±1. For dominant integral X, L res (X) is a direct sum 



of such irreducible representations, by 



This is proved in the appendix. Root vectors X^ G Ug es (g) for the remaining roots a G g 
are then obtained as classically; see in particular ( A.13| ). From Section 3.1, the classical 



algebras are B n = C n and C n = B n if M is even, and q = g otherwise. This shows explicitly 
the refinements of (|4.4j) which arise for even roots of unity, in the most important case of 
finite-dimensional representations. Notice that for odd roots of unity, Ki evaluates to 1 on 



the special points X z , and Theorem 4.2 essentially reduces to (|4.4|). The general, abstract 



result is given in [12 



To summarize the results of this section, any L res (X) for dominant integral A is a direct 
sum of irreducible representations of U^ m , which are related by an action of the classical 
U(g), extended by parity generators for even roots of unity. In particular, this holds for 
unitary representations. 



5 Noncompact forms and unitary representations 

We first recall some concepts in the classical case, see e.g. jr?| [TJJ. Consider a not necessarily 
compact semisimple Lie group G with real Lie algebra g. Let —a be the conjugation on the 
complexification gc with respect to g extended as an involution, by which we mean an anti- 
linear anti-algebra map whose square lis the identity; one could equally well consider algebra 
maps. On the other hand, the compact form gx of gc is the eigenspace with eigenvalue — 1 
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of the Cartan-Weyl involution 9. By a theorem of Cartan (see Theorem 7.1), one can 



assume that a = <p o 9, where is a linear automorphism of Qk with 2 = 1. Let 6 be 
the eigenspace of with eigenvalue +1, and p the eigenspace with eigenvalue —1. Then 
= t © ip is the Cartan decomposition of g, and 6 is a maximal compact subalgebra. A 
root a is called compact if the corresponding root vector is in t. The star structure is then 
defined as * = a. 

Now there are two cases, depending on if <p is an inner automorphism or an outer auto- 
morphism |19|| . In this work, we only consider the first type, which covers so(n, 2p), su(n,p), 
so* (21), spin, p), sp(l, E), and various forms for the exceptional groups. We will find quantum 
versions and unitary representations for all them, even though not all of the representations 
will have a classical limit. The second type includes sl(l+l, R), su*(l+l), so{2l—2p—l, 2p+l), 
and exceptional cases. 

Up to equivalence, the inner automorphisms of a simple Lie algebra of rank r are given 
by 2 r "chief" inner automorphisms of the form 4>(Hi) = Hi, <j>{X i ) = SiX i , for Si = ±1 
|i~9f , Ch. 14). They define the real forms 



(X?)* = s t Xf, for Si = ±l. (5.1) 

They are not necessarily inequivalent; the compact case corresponds to all Si = 1. It should 
however be noted that real forms which are equivalent classically are not necessarily equiv- 
alent in the g-deformed case. For example, the real form (X )* = —X , H* = —H for 
\q\ = 1 of the "non-restricted" [7 g (s/(2,M)) considered in ]TD[ is classically equivalent to the 
form (X )* = — X T , H* = H, which is a special case of flS.ip . Nevertheless, the first form 
has no unitary representations at roots of unity if imposed on U^ m (sl(2)), while the second 
does. 



We consider U^ m , which becomes a *-algebra for any of the forms (5.1) for q a root 



of unity. Now we allow non-integral weights as well (it should be noted that the weights 
must be integral if working with U^ £S (q)). Then there exist one-dimensional representations 
L^ m (X r ) of Uf m with weight A r = J^rjMjAj generalizing (|3.4j), where r ; e Q such that 
[riMi] qi = 0, or equivalently g 2r > M !* = 1 for all i. This follows immediately from ( 2.14Q . 



Explicitely, 



7TI 



with pi G Z. 

Let Z/ m (A) be a unitary representation of the compact form (such as in Theorem |3.2j ) 
with inner product ( , ), and consider L fin (X) <g> L /in (A r ). This is again an irreducible 
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representation of U^ m , and we can define an inner product on it by 

(V (g> p r ,W® p r ) := (v , 117 ) (5.3) 

where p r G L^ m {X r ). It is positive definite by definition. Let us calculate the adjoint of Xf 
on this Hilbert space: 

(v® p r ,Xf ■ (w® p r )) = (V® p r ,X± ■ W<3q^ nMl/2 p r ) 

= q -^ U/2 (v,Xt-w). (5.4) 

On the other hand, 

(Xf ■ (v® p r ),W® p r ) = (Xf ■ V ® q^ nM 2 pr, W <8> Pr) 

= {qp Mi >\xt-w) (5.5) 

by unitarity of Z/ m (A). By definition, the inner product is antilinear in the first argument. 
Now there are 2 cases: first, if qf 4iTi = 1, then qf ir ^ 2 = ±1, and the adjoint of Xf becomes 
(Xf)* = Xf. Second, if qf in = -1, then qf hn/2 = ±i, and the adjoint of Xf is [Xf)* = 
—Xf . Therefore we have proved 

Theorem 5.1 Let L^ m (X) be a unitary representation of the compact form of U^ m , and 
U m {\ r ) a one-dimensional representation of U^ tn with weight \ r = ^jrjMjAj as in (\5.Q) . 
Then L* m (A+A r ) = L^ m (X) ® L^ m (X r ) with inner product ( \5.3j) is a unitary representation of 
the real form ( |5. 1\ ) ofUj, in , where Si = qf IiTi =< Ki,X r >= ±1. All unitary representations 
of that real form can be obtained in this way. 

The last statement follows since the noncompact representations can similarly be "shifted" 
back to the compact form. 

This explains the role of the extra, "quasiclassical" generators Ki at even roots of unity: 
they determine the real form of a representation. While the symmetric form of the coproduct 
( [2. 11| ) was useful in the proof, it is irrelevant for the result. 

For the remainder of this section we concentrate on the case of integral weights, i.e. 
A r = X z as in ( |3.4p , and determine which of the classical noncompact forms actually occur 
in this way. 

In the simply laced case, Mi = M, and qf 4 * = — 1 precisely if q is an even root of unity. 
Thus for odd roots of unity, Si = 1 for all i, whereas for even roots of unity, = (— l) Zt , so 
that there are unitary representations for all the noncompact forms considered. 

In the non-simply laced case, consider first B n , C n and F 4 . If q is odd, i.e. gf fs = 1 with 
odd M s = M, then Mj = M, and s, = 1 for all i. Therefore only the compact form occurs. 
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For even q, one has to distinguish whether M = m/2 is even or odd. If M is odd, then 
Mi = M s = M, therefore qf 1 ' = 1 and qf ls = — 1. This means that only those noncompact 
forms with Sj = 1 for a, a long root and Sj = (— for q.{ a short root occur. If M is 
even, then M; = M s /2, and g ? Mi = —1 for all i Therefore s$ = (— l) Zi for all z, and again 
all noncompact forms considered are realized (to recover the results in 0, notice that the 
conventions there are such that d s = |). 

Finally consider G 2 - If Q is odd, then Mi = M/3 if M is a multiple of 3, and Mi — M 
otherwise. In either case, qf 4i = 1 for all i, and = 1 for all i. If q is even, then qf l = — 1 
for all z, thus Sj = (— l) Zi for all z, and again all noncompact forms considered are realized. 

The classical limit of these unitary representations will be discussed in Section 7. Notice 
that Theorem 5A also yields additional unitary representations of the compact form with 
generally non-integral weig hts, for qf in = 1. We will see in Proposition [73] however that 
the distance of their weights from the origin becomes infinite as q approaches 1. In that 
sense, they are non-classical. 



6 Reality— preserving algebra on L res (X) 

Consider a dominant integral weight Ao such that L^ m (Ao) is a unitary representation of 
the compact form with < (Ao, cx() < Mi for all i, and a special point X z . By Theorem 
|4.1| , L res (X Q + X x ) = (B z /(L,f m (\ ) <S> Lf m (\ z >)) is a direct sum of irreducible representations 
of Uf in , where the Lf in (\ z ,) are one-dimensional components of L res (A z ). These sectors are 
unitary representations of various real forms of U^ m , according to Theorem 5J. . Moreover 
by Theorem [O, the "large" generators Xf connect the various sectors with different z' . It 



is natural to ask which subalgebra of the classical U (q) connects only those sectors with the 
same real form. This will be called reality-preserving algebra. Of course, the (X^ 1 ) 2 always 
preserve the real form, but they do not form a closed algebra. 

X^ as defined below Theorem |4.2| preserves the real form if and only if 

[X%,Ki]=0 for all i, (6.1) 

or 

q M a (a, ai ) = 1 for aU • ^ 

This is equivalent to q Ma( - a ^ = 1 for all roots (3. Using the Weyl group, we can assume that 
a = a.j is a simple root, since all other a satisfying QS.2p are then obtained as the image 
under the Weyl group of the simple ones. 

First consider the simply laced case. Then for any j, there is an i such that (aj, <%,) = — 1, 
therefore q M i( a i> a i) = 1 only if q is odd. But then all sectors are all compact. Therefore the 
reality-preserving algebra is g for odd q, and trivial otherwise. 
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Next consider the non-simply laced case. If q is odd, then all forms are compact, and 
the reality-preserving algebra is clearly g. 

Thus assume q is even. For G2, q M ^ aua ^ = q~ 3M i = — 1 if % ^ j ; and the reality- 
preserving algebra is trivial. 

For B n ,C n and F 4 , observe first that if A^ 7^ and dj > di, then (ofj, ay) = —dj. 
Therefore q M ^ ai ' a ^ = qMj max.{di,dj} 

One has to distinguish M = m/2 even and odd. Assume M is even, so that Mi = M s /2 = 
M/2. Then the only way that g^i^WA'} = 1 for all % ^ j with A {j ^ is M,- = M and 
maxjcfj, gL,} = 2, i.e. j is short and is connected only to long nodes in the Dynkin diagram. 
The only case where this happens is B n , which has one short simple root. By the Weyl 
group, it follows that the reality-preserving algebra is generated by all X^ where ot s are the 
short roots of B n . Since q is even, the dual algebra g of B n is C n , i.e. these X^ correspond 
precisely to the long roots of g. Now C n has precisely n long roots which are all orthogonal, 
and the corresponding root vectors commute. Therefore for even M, the reality-preserving 
algebra for B n is (su(2)) n , generated by the X^ s which commute with each other (on L res (X)). 
For C n and _F 4 , it is trivial except for C2 — B 2 . 

If M is odd, then M L = M s = M, thus q Mdl = 1, and q Mda = -1. Therefore if 
^Mmaxfdj,^} _ £ Qr a j| % ^ j with Aij ^ 0, then either j must be long, or j is connected 
only to long nodes in the Dynkin diagram. For B n this holds for all j, for C n this holds for 
the one long simple root, and for F4 this holds for the 2 long simple roots. Therefore the 
reality-preserving algebra for B n is again B n , with generators for all a. For C n , it is 
(su(2)) n with generators X^ which commute with each other, where a\ are the long roots 
of C n . For F 4 , it is the algebra generated by all long roots, which is D4. 



7 Non— integral weights and the classical limit 

In this section, we want to determine which of the unitary representations of U^ m in Theorem 
5j]have a well-defined classical limit. The idea is to consider them as highest-weight modules 
in a suitable way with fixed highest weight, and let q approach 1. 
For dominant integral Ao and A r = ^Vj^j-^j as i n ( |5-2|) , consider 

L fin (\) = L fm (\ )®L fin (\ r ) with 
td 

(A + P,« v ) < \^~r]+l for all a GQ+, (7.1) 
2nd n 



where A = Ao + A r . According to Theorems |3.2| and |5.1| , this is a unitary representation of 
a certain noncompact form determined by A r . We want to understand the location of the 
weights of Z/ m (A) in weight space, and in particular if they are close enough to the origin 
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so that they can have a classical limit as a highest weight module. For q ^ 1 of course, they 
can always be viewed as highest weight modules. 

The bound ( |7.1| ) for Z/ m (A) being unitary can be stated more geometrically as follows. 
Divide weight space into alcoves separated by the hyperplanes 

Tfl 

K ■= (^a) = —z} (7.2) 

for all roots a and z G Z, similar as in Section 3.1. Then Ao is in the fundamental alcove 
by ([7.1p, using the fact that (p, ct v ) > 1 for all positive roots a; the latter can be seen using 
p = J2i A-i- By the Weyl group, all weights of L^ m (A ) are therefore contained in the union 
of those alcoves which have the origin as corner, more precisely within a certain distance 
from its walls as determined by ( |7.1| ). Since the set of hyperplanes 2|) is invariant under 
translations by A. r , the weights of U in {X) are contained in the union of those alcoves which 
have A r as corner. In particular, they are contained in a half-space with the origin on its 
boundary. Since the distance between parallel hyperplanes goes to infinity as q — > 1, L^ in (X) 
can have a classical limit only if A r and the origin belong to the same alcove. This puts a 
restriction on the possible real forms as determined by A r . 

To make this more precise, recall the definition of compact roots in Section 5, and the 
definition of the Coxeter labels which are the coefficients of the highest root 9 = ^2 ■ djCtj, 
and satisfy a« > 1 for all i. 



Proposition 7.1 Consider A r = YlPjj^-^-j with pj G Z, as in ( \5.£\ ). It belongs to the 
closure of an alcove as defined above which also contains the origin as a corner, if and only 
if there is a set of simple roots (denoted again by on) such that ai has Coxeter label aj = 1 
and pj = ±5ji , hence 

In that case, the remaining r — 1 simple roots are compact with respect to the real form defined 



in Theorem ( \5.1\ ). 



Proof By using an element cr of the Weyl group if necessary, we can assume that A r is 
an anti-dominant weight. Then A r = — YlVj^f^j with pj G N, and (A r , 6) = — J2Pj a j%t- 
This implies that (A r , 0) < — ^ = (hg , 6) where hg 1 is a hyperplane as defined in ( |7.2| ), and 
equality holds precisely if A r = — ^f— A io and aj = 1 for some iq. The desired set of simple 
roots is obtained by applying a to the original simple roots. Then all (new) simple roots ctj 



for j ^ i are compact according the definition in Theorem |5.1|. □ 
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We will always use this set of simple roots from now on. The corresponding generators 
in Uq es (g) could be obtained via the braid group action fi~3|| , but this is not needed since we 



will only make statements about the characters below. The corresponding real form is 

(X±J = -XI and 

{XfY = XJ for j^i . (7.4) 

In the classical limit, the center of t is then one-dimensional and generated by an element 
of the Cartan subalgebra dual to Aj , which is orthogonal to the compact roots. Explicitly, 
this leads to the following cases: 

• io — 1, 2, I for Ai, corresponding to su(l + 1 — p,p) for all p 

• Iq — 1 for Bi, corresponding to so{2l — 1, 2) 

• io — 1 for Di, corresponding to so(2l — 2, 2) 

• io = I or equivalently io = I — 1 for Di, corresponding to so* (21) 

• io = I for Ci, corresponding to sp(l,M.) 

• io = 1 or equivalently i = 5 for E s , and i = 6 for E 7 , 

see for example [|T9|| , table 14.1. Not surprisingly, these are precisely the cases where highest 



weight modules exist in the classical limit, see EO, ETJ and references therein. We will restrict 



ourselves to ( |7.4|) from now on, and show how to recover the classical unitary highest weight 
representations from the L^ m (X). To do that, we choose a minus sign in ( |7.3| ), since then it is 
possible to consider highest-weight modules Z/ m (A) with fixed highest weight A independent 
of q, in particular as q — > 1. The plus sign would correspond to lowest-weight modules in 
the classical limit. 



To make the connection with the literature on the classical case |[20|| , consider the char- 
acter x(L(\ + zA io ))e~ zAi o for z£R, where L(A + zA io ) is the classical irreducible highest 
weight module with highest weight A + zAi . It is independent of z for sufficiently neg- 



ative z, which can be seen from the strong linkage principle (see e.g. [0): by writing 
A = c Aj + Ylij^i Q n j^i an d noticing that the compact roots are orthogonal to A io , if follows 
that for sufficiently negative z, all weights strongly linked to A + zA io are in the orbit of the 
compact Weyl group acting on A + zA io . The first reduction point Zq is the maximal value of 
z where this is no longer the case. Clearly L(A + zAi ) can only be unitary with respect to 
( [7.4| ) if A is a dominant integral weight with respect to t, i.e. nj G N in the above notation. 
Provided this is the case, L(A + zA io ) is unitary pOf if and only if z < zo, or z is in a certain 
finite set of z > z - 

In the g-deformed case, we can show the following: 
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Proposition 7.2 Let X be a rational weight which is dominant integral with respect to t. If 
the first reduction point of L(X + zA io ) is at z > for q = 1, then there exists a series of 
roots of unity q^ — > 1 such that V m (X) is unitary with respect to (\7.4\) for all q = qu- In 



particular, this holds if (A + p, a v ) < |~(— A,a^)] + (A,a^) + 1 for all positive noncompact 
roots a. 

Of course, this generalizes to irrational A which can be approximated by rational weights as 
above. 

Proof Assume that A is as required. Then there are m, n e N such that (A — A r , a^ Q ) G N 
where A r = — ^j— A io , thus A — A r is dominant integral. For k 6 N, let := m + 2nkdi , 

K,k '■= ~^d~^o^ an d Ik '■= e 2nm / mk . We claim that for sufficiently large k, the character of 
L* in (X — X rt k) is given by Weyls formula for all q' between 1 and q^. Then the first part of 



the proposition follows from Theorems [T2] and p7l. 

Let q' = e 2mn l m with < — , with associated M' as in Section 2. By the strong linkage 

^ mm. a J ° ° 

principle fP7 , [7J, the character of L^ m (X — A ri fc) can differ from x(A — A n fc) only by the sum 



of classical characters x(Pn) ( P-3|) with dominant p n , which are "strongly linked" to A — X r ^ 
by a series of reflections by hyperp lanes defined as in ( |3.8| ) using M^, but shifted by —p. 
They again divide weight space into (shifted) alcoves, with corresponding special points for 
q', also shifted by —p. 

Now a io = 1 implies that — p and — X r ^ — p are in the same shifted alcove for any q' 
between 1 and because (— A rj fc,a v ) < < ^„ for all positive a. Moreover, the union 
of the alcoves which have — p as a corner is a convex set of weights, and invariant under 
the Weyl group action with center —p. Therefore all weights in that set which are strongly 
linked to — X r ^ — p are obtained by the action of the classical Weyl group with center — p; in 
particular, — p is not. Thus if k is large enough, all dominant p n strongly linked to A — X r ^ 
can be obtained by reflections of A — X r ^ by those H* which contain the special point 
M- Q A io — p. However using the assumption, the character of L* m (X — X r ^) is not affected 
by these p n : indeed, by a shift by — 2 ™' d . A io as in Section 5, U m (X — X r ^) can be related 

to L fin (X + zA io ) for z = ^TI - < ®- The s P ecia l point M' iQ A iQ - p is then moved 

to (M/ o — 2 ™ d )Ai — p, and is only relevant for large k if M' iQ = 2 ™' d , when it becomes 
—p. However by the assumption on the first reduction point, the character of the classical 
L(X + zAi ) is not affected by the hyperplanes through — p for z < 0. Using the fact that 
U q (o) is the same as U(g) as algebra over C[[q — 1]] PB| , the character of Z/ m (A + zA io ) is 
not affected by the hyperplanes through — p either. Combining all this, it follows that the 
character of L^ m (X — X r ^) is given by Weyls formula for all q' between 1 and q^. 

In particular, this holds if (A — X r> h + p, ct v ) < ["^jf-] + 1 for all positive noncompact 



roots a, by Theorem 3.2. This is certainly satisfied for compact a if k is sufficiently large. 
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Using = -(A,aX) + (A - A^a^) G -(A, a/) + N and the fact that d io = 2 for the 
non-simply laced cases, this bound follows from the given condition. □ 

Therefore we recover the classical results on unitary highest weight representations, ex- 
cept for the small, finite set of z > zo, which we cannot address here. It is quite possible 
that there exist unitary representations of U^ m corresponding to these remaining cases; this 



would have to be studied by other methods. By Theorem |5.1| , they would correspond to 
additional unitary representations of the compact form, as was pointed out in Section 3. 

In the example of the Anti-de Sitter group, the highest-weight property corresponds to 
positivity of the energy 0, which is an important physical requirement. 

Notice that the unitary representations of noncompact forms of U^ tn in general have 
non-integral, but rational weights. Those with integral weights can have a classical limit 
only if T^j— € Z, in particular q must be an even root of unity. 

The question arises if and how the unitary representations of U^ tn in those cases where 
there exists no classical unitary highest weight representation might be related to other 
classical series of unitary representations, and how the latter may be obtained from the 
quantum case at roots of unity. The answer may be related to the fact that there do exist 
other types of unitary representations of the non-restricted specialization for \q\ = 1, such as 
U q (sl(2, R)) ||10||, as was mentioned in Section 5. This certainly deserves further investigation. 
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A Appendix 



We prove Theorem ^72| by verifying the classical relations of the Chevalley basis Xf and H^. 

To calculate Hi on the weights A^ = Ylj z j-^j^ji one can use the standard commutation 
relation 



-(Mi) X ~(M^ 



Hi 



u 



fin 
1 ' 



(A.I) 



1% 



where the last term vanishes on L res (X z ). We also need the following identity ]T2] which can 
be checked directly: If q 2M = 1, then 



aM + b 
cM + d 



q 



M 2 c(a+l)+M(ad-bc) 



" b ' 






d 


s 





(A.2) 
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Furthermore [K h Xf {Mi) ] = 0, and therefore [Xf,X~] = [X+ {Mi) , X^ {Mi) }K iqi 
( |A.1| ), ( |A.2| ) and (|4.5|), this evaluates on v\ , to 



Hi ■ v A . 



z'M 

Mi 



as claimed. 

We next check that 



[Xf,X.] = 



for i ^ j. This is clear if Ai~ = 0. Otherwise, one can write 



X^ NU) K- = s K X 



where s„- = q, 



MiMjAji 



Q 



MiMj(on,oij) 



J' 



±1 Then s a ^s • aj = g M » M j( a «. a j) 2a 



a, = (1 — aj) if Ay and i ^ j- Therefore 



1— aw V> 



X+X7 = sSs.-.- 3 X~XT = XJX7. 



I 3 Jt tj ] i 



3 i 



Next, to verify 
replace again Hi by 



[H h Xf\ = ±A ji Xf, 



Hi 

Mi 



M 2 



K i q i 1 , and observe using ( |3.7| ) that 



[HtUXf™ = Xr^Vh ± MjAji] qt = xf {M ^[H t ± M % A^. 



We first show 



Hi 

Mi 



Mf 



K iq p I x: {Mfi) k a / = x+ {Mi) K a / 



H t 

Mi 



k iq f + a 
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Qi 



Using the above, this becomes 



3 3 



Hi + AjiMi 
Mi 



K lSjl qf = X^K? 





' Hi ' 




Mi 



M 



K iQi - + A 



3i 



Qi 



Restricting on a weight \ z >, it remains to show 



% + AjijMi 
Mi 



M 2 z'- M 2 

Qi SjiQi 



Mi 



M 2 z' M 2 , 7 

Qi Qi + A ii 
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.1 



Now Sji = q i i J \ and the claim follows from ( |A.2| ). The calculation for [Hi, XT) = —AjiX 
is completely analogous. 

Finally, the Serre relations are 

[X+ 1 ...,[X+ 1 Jt+U 1 -^ = (A.12) 

(1 — Aji brackets) on L res (X z ), and similarly for the negative roots. 

To prove this, consider a P.B.W. basis of U^ res (o), which is given by the expressions 

X+£ N) ...X£ h) where {on,...a N } is an ordered basis of the positive roots, obtained e.g. by 
the braid group action fll2"l| . Let Q = {a = M a a} be the set of roots of the lattice of special 



points. For k E N such that (3 = ko>i + ctj E Q, define X~~ := Xp K^Kj 3 generalizing 
(fOp, and Xt:=0ifp$ Q. We claim that 

if acting on L res (X z ), for some constant c. This clearly implies the Serre relations. The proof 
is by induction on k, using the well-known commutation relations ll( 



X+X+-q^^X+X+ = Y J <tr + i,...,t s - 1 )X+l°-\..X£l? (A- 14) 

for r < s, with some constant c(t r+ i, ...,t s -i). 

We want to order the expressi 
using (|A.14 ). The leading term is 



We want to order the expression X^Xf (or the reversed form) as in the P.B.W. basis, 



q"<W°i0 8 « 8 «X+Xi, (A.15) 



since [Kf i ,X i ] = 0. We claim that the only other term on the rhs of ( |A.14|) which may 
not vanish on Z/ es (A 2 ) is proportional to XZ =. This is so because only products of "large" 

generators Xa^ Ma ^ are nonzero on L res (X z ), and in fact only one "large" generator can occur 
on the rhs of ( |A.13|) , because only a simple (formal) pole in q can arise by the derivation 



property mentioned in Section 2. Moreover using (3 = Mp(3 = kMiOti + Mjotj, it follows that 
qMiM^auP) = ^kMfdiyMiMjia^ai) = g M 1 M f ( oy ,o i ) = s .._ xhus the overa H coefficient in front of 



( |A.15| ) is s]j aj Sji, which is 1 as above. This concludes the proof. 
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